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Abstract

How should we measure Al’s productivity effects? Standard estimates condition on
current skill, but when AI substitutes for the cognitive effort that builds skill, skill
itself becomes endogenous to past Al use. We formalize pedagogical quality, the fraction
of learning-by-doing that survives Al delegation, and show it drives two biases: state-
path divergence inflates within-worker panel estimates, and spillover bias contaminates
control groups when learning is social. The biases generate a “scissors” pattern: panel
and long-horizon RCT estimates diverge over time, so that measured productivity gains
may increasingly favor adoption even as AI’s long-run value declines.
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AT often raises short-run productivity: experimental estimates range from 14% to 55% at
the task level (Brynjolfsson et al., 2025; Dell’Acqua et al., 2026; Noy and Zhang, 2023; Peng
et al., 2023). But when Al substitutes for the practice through which workers build skill, it
erodes human capital — and standard productivity estimates, which hold skill fixed, overstate
ATD’s long-run value.

Automation-induced skill decay is not new. Why does Al raise this concern more acutely
than earlier automation? The concern is sharpest when delegated tasks are themselves
learning-rich. Earlier waves of automation — assembly lines, ATMs, basic data processing
— primarily displaced tasks with limited learning content. Generative Al is often used on
activities such as drafting, diagnosis, and coding, where execution is also practice. Automating
filing does not degrade legal reasoning; automating brief writing can, because constructing
arguments is itself the practice that builds the capacity to evaluate them.

Evidence consistent with skill atrophy is accumulating.! Bastani et al. (2025) find that
unrestricted GPT-4 access reduces subsequent math performance. Shen and Tamkin (2026)
find a skill reduction among software developers learning a new programming library. Budzyn
et al. (2025) document endoscopist deskilling after three months of Al-assisted colonoscopy.
Some workers appear to recognize the trade-off: a lead developer removed all Al tools from
his editor after noticing his coding ability had deteriorated;? one student in a related chess
experiment reported, “I want to think for myself, not use the button” (Poulidis et al., 2025).

Yet existing productivity experiments identify the contemporaneous effect holding skill
fixed; by design, they cannot identify the effect relative to the counterfactual skill path. Al
may therefore look increasingly transformative precisely because we compare it to workers
whose skills have atrophied, even if it looks modest relative to the counterfactual worker.
The worker appears more dependent on Al, but only because Al has eroded the baseline
against which its value is judged.

We formalize this through pedagogical quality (1), the fraction of learning-by-doing that
survives Al delegation. When p < 1, Al substitutes for skill formation, and two measurement
biases arise. State-path divergence is an individual-level wedge: within-worker panels that
condition on current skill overstate Al’s value because current skill is itself shaped by past
AT use. Spillover bias is a cross-sectional wedge: when skill is socially produced through
mentorship and shared training, Al adoption degrades the control group.

The biases grow with adoption duration and coexist whenever 1 < 1 and spillovers are

present. Because both inflate measured Al gains, a naive reading of the evidence would

!See https://x.com/1lxeaglel7/status/1899979401460371758 for a vivid example.
2See https://lucianonooijen.com/blog/why-i-stopped-using-ai-code-editors/.
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support continued or expanded adoption even as the underlying skill base deteriorates —
creating a mismeasurement-policy feedback loop. Identifying the bias requires tracking not
just current performance but the counterfactual skill path — what the worker would have
accumulated had she never delegated.

Consider two questions about a worker who has used Al for years. “How would she
perform today if we switched Al off 7 (the within-worker panel, conditioning on current
skill). “How would she have performed if she had never used AI?” (the long-horizon RCT,
comparing against the counterfactual path). The questions sound nearly identical, but when
Al erodes learning, their answers diverge.

The panel takes current skill as given — skill shaped by years of delegation — and sees
AT becoming more valuable, because the worker’s unaided capacity has eroded. The RCT
compares against the worker she would have been, with skill built through unaided practice,
and sees Al becoming less valuable, because the treated worker has lost ground relative to
the control. Together they produce a scissors pattern: panel estimates of Al’s productivity
gain rise while long-horizon RCT estimates of the same quantity fall. This divergence is not
a statistical artifact; it reflects a genuine difference in the question each design answers.

The scissors pattern is the model’s cleanest testable prediction. It would not arise under
benchmark habit formation, learning curves, and selection on early adopters: habit generates
withdrawal penalties that dissipate, learning curves raise both estimands, and selection does
not generate divergence in the formal estimands (Supplemental Appendix B). Among these
alternatives, only skill atrophy generates one estimand rising while the other falls.

The same mechanism has distributional implications: because higher-skilled workers
optimally delegate less, short-run compression in measured productivity can mask longer-run
divergence in skill trajectories.

The dynamic framework we employ serves as a conservative benchmark. The problem
is fundamentally intertemporal: delegation raises productivity today but reduces the skill
stock available tomorrow. A static model would capture the state-conditional productivity
gain from Al at a point in time, but not the wedge between estimands that opens as skill
erodes — nor the feedback loop that makes that wedge grow, as lower skill raises the return
to delegation, which further erodes skill, generating a self-reinforcing spiral between Al
dependence and human capital loss. Characterizing this spiral, the steady-state it converges
to, and the scissors prediction it implies requires a dynamic model.

A behavioral model could generate overadoption through inattention or myopia. We show

neither is necessary: in our model, the decision maker is a rational, forward-looking agent



— an individual worker or a firm — who fully internalizes the future skill cost of delegation.
This modeling choice minimizes delegation: a less patient or less informed agent would adopt
more, widening the biases. The model establishes the measurement problem as a feature of
the technology, not a consequence of behavioral or organizational error.

A numerical illustration makes magnitudes concrete. For instance, at u = 0.5, the
measurement bias exceeds 11% of the initial productivity gain within a decade, and the
scissors pattern emerges: over 20 years, the panel estimand rises roughly 9% while the RCT

estimand falls roughly 9%, though both evaluate the same technology’s effect.

I Related Literature

This paper contributes to three literatures; for recent surveys, see Acemoglu (2025) and
Agrawal et al. (2026). The task-based framework of Acemoglu and Restrepo (2018, 2020)
models automation as machines performing tasks previously done by humans, taking human
capital as fixed; Jones and Tonetti (2026) find that weak links — tasks still performed by slowly-
improving labor — constrain the aggregate effects of even dramatic automation. Agrawal et al.
(2026) emphasize complementarities between Al and human judgment. Ide and Talamas
(2025) study how Al reorganizes hierarchical knowledge firms; in their framework human
capital is a static endowment, whereas in ours it evolves endogenously through the work Al
displaces. AI may complement the use of judgment while substituting for its development.
A growing empirical literature documents the short-run productivity effects of Al: Brynjolf-
sson et al. (2025) for call centers, where the gains include durable worker learning consistent
with 4 & 1 in a structured-feedback setting; Noy and Zhang (2023) for writing; Peng et al.
(2023) for coding; Dell’Acqua et al. (2026) for consulting. The “jagged frontier” identified by
Dell’Acqua et al., in which Al substantially helps on some tasks but hurts on others, reflects
heterogeneous static Al capability across tasks (heterogeneous g(j) in our framework). A
distinct and less studied source of heterogeneity is that the learning content of delegated tasks
may also vary: p may differ across task types, with the sharpest skill atrophy arising when
AT encroaches on the most learning-rich tasks. Otis et al. (2023) find heterogeneous effects
among Kenyan entrepreneurs: Al mentorship helped high performers but hurt low performers.
Gaessler and Piezunka (2023) find chess computers accelerated skill development (u > 1),
plausibly because chess provides immediate, objective feedback — though a related experiment
in which Al provided on-demand move suggestions finds the opposite effect (Poulidis et al.,

2025), illustrating that p depends on how the tool is deployed, not just on the domain. The



majority of recent work documents deskilling, including among endoscopists (Budzyn et al.,
2025), robot-assisted workers (Beane, 2019), students (Bastani et al., 2025), and knowledge
workers (Dell’Acqua, 2022; Lee et al., 2025; Shen and Tamkin, 2026).

Our model builds on human capital theory (Becker, 1962) and learning-by-doing (Arrow,
1962). Arrow’s foundational insight — that production generates knowledge as a byproduct —
motivates our central question: what happens when a technology weakens this link between
production and learning? Models of technology adoption and human capital — including
Cooley et al. (1997) and Violante (2002) — treat skill investment as a separate decision from
adoption: workers divert effort into learning or face vintage-specific depreciation, but the
adoption and investment margins are distinct. In our framework, the adoption decision s the
skill investment decision: delegating a task to Al simultaneously raises output and reduces
the learning content of work.

Concurrent work by Acemoglu et al. (2026) studies how agentic AT degrades collective
knowledge in a Bayesian social learning framework; their mechanism operates through
information aggregation, ours through individual human capital dynamics. Our distinctive
contribution is the measurement focus: rather than asking whether Al helps or hurts in the
long run, we characterize how standard causal estimands diverge from the path counterfactual
along the skill transition.

Recent work examines how Al threatens training and skill transmission: Garicano and
Rayo (2025) show apprenticeships become unviable when AI automates entry-level work,
and Beane (2019) finds robotic surgery reduced trainee practice tenfold. These papers study
whether skill-building opportunities survive organizationally; ours studies what happens to

learning within ongoing production when workers delegate cognitive tasks to Al

II Model

II.A Environment and Primitives

Time is discrete, indexed by ¢t € {0,1,2,...}. Each period, the agent completes a unit
continuum of tasks indexed by j € [0, 1]. Each task can be performed either by the agent or
by AI. When the agent performs task j, output from that task is y(j,t) = hs - e;(j)7, where
hy > 0 is human capital, e;(j) > 0 is effort allocated to task j, and v € (0,1) governs the
returns to effort. When Al performs task j, output is y(j,t) = A - g(j), where A > 0 is Al
productivity and g : [0, 1] — R, is continuously differentiable on [0, 1), satisfies g(0) = 1, and
has ¢'(j) < 0.



The condition ¢’(j) < 0 encodes comparative advantage: Al is more capable at routine,
well-defined tasks (low j) than at complex, judgment-intensive tasks (high 7). Al quality
A is exogenous; we abstract from endogenous improvement to isolate the human capital
channel. This is conservative: if Al improves over time, the incentive to delegate rises further,
amplifying the skill dynamics we study.

The agent faces an effort constraint: total effort across all manually performed tasks is
normalized to unity. When an agent adopts Al at intensity a € [0,1], it delegates tasks
in [0, o] to AI while the agent performs tasks in (a, 1]. Optimal uniform effort allocation
yields total output A(1 —«)'™7: delegating tasks to AI concentrates effort on remaining tasks,
partially offsetting the lost output and generating real short-run productivity gains even
when skill atrophy operates in the background.

Substituting, period output takes the tractable form

Y(h,a;A) = A-G(a)+h-(1—a)™7 (1)

where G(a) = [ g(j) dj is cumulative AT output, with G'(«r) = g(«) and G" (@) = ¢'(«r) < 0.
The exponent 1 — v < 1 reflects effort concentration: when the agent performs fewer tasks,
effort is more concentrated. The function is linear in h, strictly concave in «, and satisfies
JY/0a — —o0 as a« — 17 for any h > 0, ensuring full delegation is never optimal.

The output structure reveals the difference-versus-sum tension central to the paper. The
difference Y (h, ) — Y (h,0) is decreasing in h: Al is less valuable when the agent is already
skilled. When skill atrophy lowers h, the difference rises while total output Y (h, «) falls.

Experiments measure the difference; aggregate productivity tracks the latter.

II.B Human Capital Dynamics

Human capital evolves according to
hiyr = (1= 0)he + A+ L, hi; ) (2)

where 0 € (0, 1) is depreciation, A > 0 governs learning intensity, and L(c, h; 1) is the learning

function. The learning function is

Lo, h;p) = [(1 — @) + - o] - o(h) (3)



where ¢ : R, — R, is continuously differentiable, strictly positive, and strictly decreasing,
and p > 0 is pedagogical quality. Equation (3) is a deliberately reduced-form representation
of how delegation changes the learning content of work. Because ¢'(j) < 0, the first tasks
delegated are the most routine. The scalar p should therefore be read as an adoption-weighted
average of the learning content of delegated tasks, not as a task-by-task primitive.? Since ¢
is positive and decreasing — reflecting diminishing returns to learning as skill accumulates
~ the stationarity condition 6h = Ap(h) has a unique positive solution h, the no-adoption

steady state. Letting 5 € (0,1) denote the agent’s discount factor, we maintain:

Assumption 1 (Learning Capacity). ¢(h) = ¢/(1 + h) for some ¢ > 0, Ap(0) < 1 — ¢, and
BAP(0) < 1 — B(1— ).

The functional form keeps the endogenous argument transparent. The first slope condition
ensures that the skill transition is increasing; combined with Assumption 2, the second ensures
that the Bellman continuation term cannot overturn the static submodularity of output. The
benchmark calibration satisfies both by a wide margin.

The effective learning rate is {(a) = 1 — (1 — p)a. The critical property is OL/0a =
(= 1)p(h): when 0 < p < 1, delegation reduces learning, producing the skill atrophy of the
title. When p = 1, delegation has no effect on learning and all measurement biases vanish, a
useful benchmark. When p > 1, Al augments learning and all signs reverse.

The parameter p has clear empirical content. Bastani et al. (2025), for example, show that
GPT-4 access harms math learning (¢ < 1), but pedagogically-designed tutors mitigate this,
confirming that p is a design parameter, not a fixed property of Al. Existing experimental
evidence for 1 < 1 comes predominantly from novice or skill-formation settings; for experienced
workers performing well-practiced tasks, delegation may cost little in terms of learning (u =~ 1).
The learning specification depends on the measure of delegated tasks, not on effort intensity

or throughput.*

II.C The Dynamic Problem

The decision maker is a long-lived agent — an individual worker or a firm that retains its

workforce — who fully internalizes the skill trajectory, with discount factor 5. The measurement

3With task-specific pedagogical content pu(j), the effective pedagogical quality at adoption rate a would
be foa 1(j) dj/a. The reduced-form scalar p is enough for the measurement questions studied here.

41f workers reallocate freed effort to more demanding tasks, the effective learning loss is smaller (Lee et al.,
2025). Skill-complementarity in the production function would strengthen both biases.



biases depend on the equilibrium skill path, not on whether that path is first-best.® The

agent solves

V(ho; A) = {ggix(JZﬁ Y (hy, a5 A (4)

subject to the human capital law of motion (2). The value function V'(h) satisfies the Bellman
equation

V(h) = max {Y(h,o; A) + BV ((1 — 6)h + AL(c, hy p)) } - (5)

a€l0,1]
Writing T'(h, ) = (1 — §)h + M(«a)p(h) for the skill transition, T'(h,a) < To(h) = (1 —
§)h + Ap(h) for all o when p < 1, and Ty(h) = h, the interval [0,h] is invariant. On
this set, standard results ensure V' exists, is unique, continuous, increasing, and convex
(Supplemental Lemma 3); at states with a unique interior optimum, the envelope condition

yields differentiability.

II.D Equilibrium Characterization

II.D.1 The Role of Pedagogical Quality

Adoption raises contemporaneous output through G(«), but it changes tomorrow’s state by
altering the rate at which today’s work translates into skill. Pedagogical quality p determines
which force dominates at the margin. When p < 1, adoption reduces future human capital.
Complete delegation is never optimal because effort concentration on remaining tasks becomes
increasingly valuable as o — 1.

Whenever the optimum is interior, the first-order condition is

A gla) = h(1 = 7)(1— )™ = BV'(H) - A1 — p)(h) (6)
marginal output gjarin from delegation shadow cost of\fgrgone learning

where b/ = (1 — 0)h + M(a)p(h). The right-hand side is the dynamic learning cost of

delegation.
Proposition 1 (Role of Pedagogical Quality). At any interior optimum:

(i) When p < 1, optimal adoption is strictly below the myopic level o™ (h) solving Y, (h, o) =
0.

(ii) When =1, optimal adoption equals the myopic level.

SWhen the agent is a firm without retention contracts, it would adopt more, since some returns to preserved
skill accrue upon separation; private overadoption would reinforce the biases.



When p < 1, the forward-looking agent restrains delegation: the shadow cost of forgone
learning, SV/(h)A(1 — p)e(h), is strictly positive and pushes adoption below the static
optimum. Each delegated task carries an implicit price — the discounted future output lost
because today’s delegation reduces tomorrow’s skill. The wedge between optimal and myopic
adoption grows with the agent’s patience () and with the learning loss from delegation
(1 —p). When g = 1, the right-hand side of (6) vanishes, delegation carries no skill cost, and

the dynamic problem reduces to a sequence of static problems.

II.D.2 Endogenous Skill and Delegation Paths

For intuition, if adoption were held fixed at «, steady-state skill would solve
Oh.(a) = M(a)p(h. (). (7)

When g < 1, higher delegation lowers h,(«): holding adoption fixed, AT reduces the long-run
skill stock by lowering the learning content of work. This fixed-adoption benchmark is useful
for isolating the measurement logic, but the main text focuses on the endogenous path, where
skill and delegation co-evolve.

To characterize the endogenous path, we impose one additional primitive restriction.
Assumption 2 (Bounded Learning Loss). u > 7.

The condition says pedagogical quality is at least as large as the returns-to-effort parame-
ter.% It rules out the case in which the dynamic learning term overturns the model’s basic
static submodularity.

We also focus on parameter values for which AT is attractive enough to be used at the

no-adoption steady state:

Bo(1 — p)

A-g(0)>h (1—7)+1_ﬁ<1_5> :

Since Ap(h) = &h, this sufficient condition compares the first delegated task’s static gain
to the agent’s current marginal contribution plus the maximal discounted value of forgone

learning.

Proposition 2 (Endogenous Characterization). Suppose 0 < p < 1, Assumptions 1-2 hold,

and the interior-adoption condition above is satisfied. Then there exists a decreasing optimal

6The proof uses the weaker condition SA(1 — u)p(0) < (1 —)[1 — B(1 — §)].



stationary policy selection o*(h). Starting from hy = h, the induced equilibrium path has
hev1 < h and hyyy < hy for allt > 0, and azq > oy > 0 for all t, with at least one strict
inequality whenever hy > h*. The path converges to an interior steady state (h*, ™) with
0 < h*<h anda* € (0,1).

Assumption 2 yields decreasing differences in the Bellman objective, so higher-skill agents
optimally delegate less. Once adoption starts at h, that monotone policy makes the skill
path move downward and the adoption path move upward: lower skill raises the optimal
delegation rate, which further reduces the learning content of work. Letting hY denote the
skill path under adoption, the measurement wedge h — hY > 0 therefore holds along the
endogenous path. The same wedge arises along any path on which adoption lowers skill,
including fixed-a paths; the endogenous result matters because it shows that such paths arise
optimally and that the feedback is self-reinforcing.

At the steady state established by Proposition 2, a marginal increase in constant adoption

reduces output. Defining W(a) = A-G(a)+ h.(a)(1 — )’ and using the envelope theorem:

(L= B) AL — (") (L — )™

Wiet) == {1 8) + 1]

<0 (8)

where I' = 6 — M(a*)¢'(h*) > 0. Nevertheless, the present value of short-run output gains

exceeds the discounted skill losses, so adoption is optimal despite W’ < 0.

IIT Mismeasurement of AI Productivity

We now show that standard empirical designs systematically diverge from the path coun-
terfactual when p < 1. All wedges vanish at © = 1. State-path divergence is the more
fundamental bias, requiring only individual-level dynamics; spillover bias compounds it in

cross-sectional settings, but has a quantitatively smaller effect in our calibration.

III.A State-Path Divergence

If AT changes the law of motion for skill, conditioning on current skill compares outcomes
across different skill histories. Two workers at the same current skill level may have arrived
there through very different paths — one through unaided practice, the other through years of
heavy delegation. Their future trajectories differ, but the state-conditional comparison treats

them as equivalent. State-conditional effects can therefore be positive even when adoption

10



lowers the long-run level of skill. Let hN4 denote the no-adoption counterfactual: the path
satisfying h4 = (1 — 8)hN* + Ap(h'*) from h{’* = h, the pre-Al steady state. Since h is

the unique steady state of this recursion, h¥4 = h for all ¢.

Definition 1 (State-Conditional vs. Path Counterfactuals). The state-conditional counter-

factual holds human capital fixed:
AV =Y (b ar) = Y (h{,0). (9)

The path counterfactual compares output at ¢ under adoption to what it would have been

absent any adoption:
AP =Y (b ap) = Y (B, 0). (10)

We define both objects at a single period ¢, matching typical empirical horizons.

Remark 1 (Cumulative Equivalence). All results hold under a cumulative discounted-
output formulation AS¢ = 377 BPASC. The wedge A5C — AZATH grows in T} sign properties

and scissors divergence are inherited term-by-term.

Many empirical implementations target an object closer to A7 than to APATH: the effect
of turning AI “on” at a given skill level, whether through explicit controls for experience and
tenure or implicitly by comparing the same worker over time. When the treatment changes

the state variable, the relevant benchmark is the path counterfactual APATH,

Proposition 3 (State-Path Divergence). Suppose 0 < p < 1, Assumptions 1-2 hold, and the

interior-adoption condition is satisfied. Then:

(i) The estimand wedge is

AZC — APATH — pNA _pU = — BV >0 for all t > 1.

(i) The wedge is strictly increasing in t until the steady state is reached.
(i) APC >0 for all t > 0 along the optimal path.

Part (i) states the estimand wedge directly. The overstatement equals the skill gap between
the no-adoption counterfactual and the realized skill under adoption. Part (ii) says that
the gap widens along the endogenous transition because adoption lowers skill cumulatively

over time. Part (iii) says Al always appears beneficial in state-conditional comparisons,

11



even when the path counterfactual is small or negative. The clean decomposition in Part (i)
exploits the linearity of Y in h; the qualitative conclusion — that conditioning on current
skill overstates the path counterfactual whenever adoption lowers skill — holds for any output
function increasing in h.

The estimand wedge reflects a treatment-induced confound. Conditioning on current skill
when skill is itself shaped by past treatment biases the estimate upward. This confound is
familiar from the “bad controls” literature (Angrist and Pischke, 2009), but the usual advice —
omit the post-treatment variable — does not resolve it here, because skill enters the untreated
potential outcome directly.

Our contribution is to characterize the dynamic structure of the bias: it compounds along
the equilibrium transition, generates the scissors divergence between estimands (Proposi-
tions 5-6), and spills over to contaminate control groups (Proposition 4). Since W' (a*) < 0
(equation (8)), the long-run output effect of marginal permanent delegation is negative even
though the measured short-run effect is positive.

State-path divergence operates entirely within a single agent’s history and is sufficient for
the scissors prediction (Proposition 6). When learning is additionally socially produced, a

second bias arises.

III.B Spillover Bias

Cross-sectional comparisons introduce a second wedge when skill is socially produced. As
adoption becomes widespread, non-adopters experience degraded learning environments
through reduced mentorship, fewer high-skill peers, and thinner task exposure, so the “control
group” no longer proxies for the no-adoption counterfactual. The channel is familiar from
the education literature on peer effects (Epple and Romano, 2011; Sacerdote, 2001): here
the analogue operates through Al adoption, as the stock of available mentors and on-the-job
training opportunities shrinks for everyone (see for instance Burtch et al. (2024) on the
decline of Stack Overflow). Acemoglu et al. (2026) micro-found a related channel: when
individual learning generates public signals that sustain collective knowledge, agentic Al can

trigger “knowledge collapse” by eroding learning incentives economy-wide.

Definition 2 (Cross-Sectional vs. Long-Run Counterfactuals). The cross-sectional counter-

factual compares Al users to contemporaneous non-users:

AP =Y (WY o) = Y(RMY,0).

12



The long-run counterfactual compares to the path where Al was never adopted:

A=Y (RY ay) — V(A4 0).

All paths start from hg = h.

In potential-outcomes notation, hY = hy(1), A = hy(0), and MY = h (0 | & > 0):
the non-user’s skill path in the presence of aggregate adoption. Note that A = APATH
from Definition 1; the relabeling reflects the shift from the individual-level comparison in
Section III.A to cross-sectional comparisons, where AXf serves as the benchmark against
which spillover bias is measured.

The cross-sectional comparison is implicit in many empirical designs, including RCT's
that randomize Al access over short horizons. These designs are internally valid over their
study periods; the divergence from the long-run counterfactual emerges over longer horizons
when aggregate Al adoption affects learning opportunities for non-users. Absent spillovers,
the non-user’s skill remains at h and AYS = AL%; the two counterfactuals coincide.

Consider now a population of such agents whose learning depends on peers’ skill levels.
For the rest of this subsection, let w; € (0,1) denote the share of agents using Al in
period t (reflecting heterogeneity in task requirements or experimental assignment), let
H, = wh? + (1 — @)hMY denote aggregate skill, and let H = h denote its no-adoption
level. Individual learning in the spillover economy is L; = [(1 — a;) + pa;]e(h;)(H) with
Y(H) = (H/H)" and n > 0. Then a non-user accumulates skill according to

hity = (1= )R + Ap(h'7) - o (Hy) (11)

while the no-adoption counterfactual satisfies %4 = (1 —0)hM 4 + Ap(hM4) (since (H) = 1).

The spillover skill gap s; = hN4 — hNU satisfies sy = s; = 0 and, for ¢t > 1:

sun = (1= )sy+ A| () = (Yo (Hy) (12)

The second term is positive at ¢t = 1: since hl¥4 = ANV = h (spillovers have not yet operated),
the term reduces to Agp(h)[1 — (H;)] > 0. For t > 2, the gap s; remains strictly positive
because the non-user path remains below h once spillovers begin (the formal bound is in the

Appendix).

Proposition 4 (Spillover Bias). Suppose pu < 1, the spillover specification above holds with

n > 0, and in every period a positive but not full share of agents uses AIl. Then:

13



(i) AYS > ALE for all t > 2.

(ii) The spillover skill gap satisfies s; > 0 for all t > 2; if the spillover dynamics converge

and a positive user share remains in the limit, the limit is strictly positive.

Cross-sectional estimates overstate the long-run value of Al as soon as spillovers have time
to operate.” When the spillover system has a stable limit under persistent partial adoption,
the resulting wedge is permanent. When n = 0, cross-sectional estimates correctly measure
long-run effects, but state-path divergence (Proposition 3) remains.

The two biases differ in remedies and empirical status, and they connect to distinct iden-
tification literatures. State-path divergence is a treatment-induced confound: the treatment
changes the state on which future outcomes depend, a dynamic version of the “bad controls”
problem. Spillover bias is a form of interference: adoption by treated units degrades the
learning environment of control units, violating the stable unit treatment value assumption.
State-path divergence calls for counterfactual-aware designs and is pinned down by p, for
which multiple experimental estimates exist. Spillover bias calls for designs robust to in-
terference and depends on 7, which lacks direct estimation in Al settings; the evidence is
suggestive (Beane, 2019; Burtch et al., 2024) but not definitive. The quantitative importance
of the spillover channel depends on the density of mentorship networks and the extent to
which AI adoption by some workers degrades learning opportunities for others — parameters
that current data do not yet pin down. Crucially, even if n = 0, state-path divergence alone

delivers the scissors prediction.

Remark 2 (Bias Decomposition). The total bias in cross-sectional estimates admits a
useful decomposition. Adding and subtracting both Y (hY,0) and Y (hN4,0):

. J/ J/

ASC (state—cc:r;ditional gain) state-gap bias};h? —hNA<0) spillover bias (:hngA—h{V U=5,>0)
The state-conditional gain A7 is what panel studies typically estimate. The state-gap
component hY — hV4 < 0 reduces the cross-sectional estimate relative to the state-conditional
one; the spillover component s; > 0 inflates it by depressing the non-user comparison group.
The two components push the cross-sectional estimate in opposite directions relative to A¥¢:
the state-gap term makes AY® smaller than A7, while the spillover term makes it larger.

The net cross-sectional bias AYS — ALE = s, > 0 is unambiguously positive.

"Importantly, Proposition 4 does not require Assumptions 1-2; it holds for any path along which some
agents adopt at positive intensity.
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III.C Implications for Empirical Research

Our analysis identifies a precise estimand mismatch across research designs. To fix notation,

the long-horizon RCT recovers
TRO(t) = E[Yi(1, k(1)) = Yi(0, e (0))] (14)

where h;(d) is the skill path under treatment d € {0,1}. Over short horizons, h:(1) ~ h:(0)
and the estimand is close to the direct productivity effect. Over long horizons, skill paths
diverge when p < 1. A within-worker panel that conditions on proxies for current skill aims

to recover

el () = B[Y,(1, hy) = Yi(0, he) | i) = A (15)

which overstates the path counterfactual by the estimand wedge h — hV > 0 (Proposition 3).
This interpretation requires that controls such as tenure, experience, or task history proxy
well for hy;, so residual Al use is approximately orthogonal to skill. Worker fixed effects and
event studies remove baseline heterogeneity but do not in general deliver “on vs. off at fixed
h;” without repeated withdrawal periods. Likewise, most Al experiments randomize access,
not intensity: the I'TT averages over realized usage responses, so the endogenous panel-RCT
divergence is best read as a usage-margin result.

Cross-sectional user/non-user comparisons recover A¢® which additionally includes
spillover bias. Each answers a different question, diverging over time.

The choice of research design determines exposure to these biases. Within-firm RCTs
are especially exposed to spillover bias when coworkers share mentorship networks; compar-
ing pre-Al to post-Al cohorts approximates the path counterfactual along the dimensions
studied here, though it introduces standard cohort-comparison confounds. The emerging
experimental literature provides building blocks: Bastani et al. (2025) measure skill directly
and Budzyn et al. (2025) observe unassisted performance after Al exposure. Novice samples
maximize exposure while expert samples minimize it: the population where Al appears most
transformative is precisely where the bias is largest.

The sharpest empirical implication concerns the time dynamics of these estimands. When
i < 1, RCTs and panels move in opposite directions — the scissors pattern (Proposition 6).

For a long-horizon RCT with no spillovers, the control group remains on the no-adoption

path, so the relevant estimand is

RT) = Y (WY, o) — Y (R, 0).
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A within-worker panel that conditions on current skill targets A,

Proposition 5 (Panel-RCT Divergence). Suppose 0 < pp < 1, n =0, Assumptions 1-2 hold,

and the interior-adoption condition is satisfied. Then, for allt > 1,
ASC _ FROT(py ] U 5 g,

and this gap is strictly increasing until the steady state is reached.

The proposition proves the divergence directly. Along the endogenous transition, the
panel estimand is evaluated against the agent’s current, already-atrophied skill, while the

long-horizon RCT compares against the no-adoption path.

Proposition 6 (Endogenous Scissors Pattern). Suppose 0 < u < 1, n =0, Assumptions 1-2
hold, and the interior-adoption condition is satisfied. Let T'(h) = (1 — §)h + M(a*(h))p(h)

denote the induced endogenous transition. Then:
(i) APC is strictly increasing in t.
If in addition BT'(h) < 1 for all h € [h*, h], then:
(ii) TRCT(t) is strictly decreasing in t.
(i5i) If THCT(0) > 0 and Y (h*,a*(h*)) < h, there exists finite t > 0 such that 77T (t) < 0.

The condition 57"(h) < 1 says the discounted skill feedback does not amplify more than
one-for-one. It holds automatically under fixed adoption, where 577(h) < f(1 — ) < 1, and
is verified at the benchmark calibration (max 87" = 0.90). Violation of ST"(h) < 1 would
require the endogenous policy response to fully offset the direct productivity effect of skill, a

configuration absent from the benchmark calibration.

Remark 3 (Dependency Spiral). Proposition 6(i) establishes that AP rises in levels.
Since h; is simultaneously falling (Proposition 2), the relative gain AY¢/hY is also strictly

increasing along the equilibrium path.

AT accounts for a growing share of the agent’s output — not because Al improves, but
because the agent’s unaided capacity shrinks. The feedback is self-reinforcing: as unaided
performance falls, optimal delegation rises (Proposition 2), which further erodes the skill

base against which Al is evaluated.
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Supplemental Appendix B formalizes three benchmark alternatives: habit formation
(RCT estimand constant), complementary learning (both estimands rise), and selection on
early adopters (both constant). Among these, only skill atrophy generates one estimand
rising while the other falls. A growing gap between panel and RCT estimands is therefore a
diagnostic of skill atrophy under the benchmark alternatives considered here.

Testing the prediction requires settings where both estimands can be tracked over multi-
year horizons — a design no existing study provides. An ideal test would pair a within-worker
panel controlling for skill proxies with a long-horizon RCT maintaining a no-access control,
both sustained for five or more years. Existing data hint at the mechanism: in a longitudinal
developer productivity study, experienced developers were 19% slower with Al yet believed
they were faster (Becker et al., 2025), consistent with state-conditional reasoning in which
workers evaluate their productivity relative to current — not counterfactual — skill. A follow-
up had to be redesigned after a substantial share of participants reported unwillingness to

complete tasks without Al assistance (METR, 2026).

Numerical estimates. Supplemental Appendix A reports additional numerical estimates.
We vary Al productivity A because it governs equilibrium adoption intensity, and therefore
the speed at which skill atrophy operates. At the high-A benchmark (A = 1.85, p = 0.5,
S =0.95), the agent initially delegates roughly 72% of tasks; the equilibrium path converges
to a steady state near (h*,a*) =~ (0.35,0.77), where skill has fallen to roughly 70% of its
pre-adoption level. The panel-RCT gap widens steadily along this transition, from 7% of the
initial gain at year 5 to 11% at year 10 and 18% at year 20. For comparison, under exogenous
adoption at o = 0.5, steady-state skill falls only to 80% — the endogenous feedback between
skill erosion and rising delegation adds roughly a third more bias. Figure 1(a) illustrates the
resulting scissors at the high-A benchmark.

At a lower A = 0.50, optimal adoption is much more modest (a*(h) ~ 0.24, converging to
a* 2 0.29), and the dynamics are slower but qualitatively identical. The long-horizon RCT
eventually turns negative (Figure 1(b)), illustrating that even modest Al can erode the skill
base over sufficiently long horizons.

The adoption response itself is modest — rising from 72% to 77% of tasks at steady state
— because the steep marginal cost of delegation at high adoption rates (strict concavity of
output in «) and the rising shadow cost of forgone learning (Proposition 1) restrain the
policy response even as submodularity pushes it upward. But the cumulative effect on skill

is substantial, because slightly higher delegation compounds over many periods. In other
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words, the measurement problem does not require dramatic behavioral changes to become

economically meaningful.

(a) High AI productivity (A =1.85) (b) Low AI productivity (A = 0.50)
— 120 A
< 100 A
o
g
> 100
-
@ 80 A
S
= 80 -
[e)
:; 60 === Panel (state-conditional) = Panel (state-conditional)
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Figure 1: Scissors Pattern B
Note: Panel (a): A = 1.85, initial a*(h) =~ 0.72. Panel (b): A = 0.50, initial a*(h) ~ 0.24. Other
parameters: g = 0.5, 8 =0.95, 6 =0.05, A =0.15, v = 0.5.

IV Conclusion

When treatment changes the law of motion for the state on which its effects are measured,
causal estimands stop answering the same question. We characterize that divergence for Al
delegation. Crucially, individual awareness of skill atrophy and continued delegation are not
contradictory: they coexist at the optimum.

When p < 1, state-path divergence inflates estimates that condition on current skill,
and spillover bias additionally contaminates cross-sectional comparisons when learning is
socially produced. The wedge grows with adoption duration. The numerical illustration
shows that it becomes economically meaningful within a decade at moderate values of pu.
The scissors pattern — panel estimates rising while long-horizon RCT estimates fall — is the
model’s sharpest testable prediction, and it is unique to skill atrophy among the benchmark
alternatives.

The framework yields concrete empirical priorities. Delayed post-tests that measure
unassisted performance after Al exposure discipline p, especially when paired with observed

exposure duration or multiple withdrawal horizons. Re-randomization or withdrawal designs
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separate skill atrophy from habit formation: both predict eventual recovery upon permanent
withdrawal, but atrophy implies slow convergence back to h at a rate governed by the learning
parameters, whereas habit formation implies geometric decay of the dependency stock.

The measurement mechanism also has distributional implications. Short-run experiments
consistently find that Al disproportionately benefits less-skilled workers (Brynjolfsson et al.,
2025; Noy and Zhang, 2023; Peng et al., 2023), a finding Autor (2024) interprets as skill
democratization. When p < 1, however, this compression can mask longer-run divergence:
higher-skilled workers delegate less and retain more skill, so the initial leveling effect reverses
over time. Workers trained before widespread AI adoption carry skills that later cohorts
accumulate more slowly. Unlike static task-based models where the skill distribution is
exogenous to technology adoption (Acemoglu and Restrepo, 2018, 2020), in our framework
the adoption decision s the skill investment decision. The vintage premium is testable using
wage data linked to Al adoption timing, and the reversal of short-run compression using
longitudinal skill assessments stratified by pre-adoption ability.

Last, because pedagogical quality is a property of how Al tools are deployed, not of Al
itself, the measurement problem identified here is also a design opportunity. Tools that
preserve learning content, like structured feedback or periodic unassisted work, can raise p

and attenuate both biases.

Appendix: Proofs of Measurement Results

Proof of Proposition 3. Part (i). Since Y (h,0) = h,
AYC = AP = [V (R, on) = Y (R, 0)] = [V (B, au) = Y (BY*,0)] = b — By

The no-adoption path stays at its steady state, so hN4 = h for all . Proposition 2 gives
hY < h for every t > 1, proving strict positivity.

Part (ii). By Proposition 2, h¥ is monotonically decreasing until the steady state, so
h — hY is strictly increasing.

Part (iii). Suppose A7¢ < 0 at some on-path interior a; > 0. Then choosing «; yields
weakly lower current output than o = 0. Because p < 1, it also yields strictly lower

next-period skill:
L(cw, b ) < L(0, hi’; ).

Since V is increasing in h (Supplemental Lemma 3), switching to v = 0 would raise both
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current output and continuation value, contradicting optimality. Hence AYC > 0 for all t. O

Proof of Proposition 4. Let @; € (0,1) be the user share. Since ¢(H) = 1, non-users are
unaffected in period 1: ANV = (1 — §)h + Ap(h) = h. Users adopt at positive intensity, so
hY < h when p < 1. Aggregate skill falls:

H, :w1h§]+(1—w1)fz<ﬁ,

which gives 1(H;) < 1 and therefore h)'Y = (1 — §)h + Ap(h)y(H,) < h.
Let To(h) = (1 — 6)h + Ap(h), increasing with fixed point h. For users, if AV < h:

hioy = (1= 8)h{ + M(ay)p(h{ )0 (Hy) < To(hy) < h

since £(a;) < 1 and ¢(H;) < 1 with at least one strict. Hence H; < H for all t > 1.
For non-users, once h¥Y < h, the same bound gives h)\ < To(hMY) < h. Induction from
RV < h gives hVV < h for all t > 2, so

ACS — A= — NV >0 forall t > 2.

If the spillover dynamics converge with a positive limiting user share, H* < H and the

non-user fixed point satisfies hVV* < h, making the wedge permanent. 0

Proof of Proposition 5. When 7 = 0, the no-adoption path remains at h, so
() = Y (hy, ) = Y (R, 0) = A7
Proposition 3(i) gives
ASC _ ROT() _ ASC _ APATH _ | _ ¥ > 0

for every ¢ > 1. Proposition 3(ii) then implies the gap is strictly increasing until the steady
state. 0

Proof of Proposition 6. Part (i). Write AS“(h) = Y(h,a*(h)) — h. The Bellman
equation and continuity of V' imply Y (h,a*(h)) = V(h) — SV(T'(h)) is continuous in h, so
ASY is continuous. Since o* is monotone, it is differentiable almost everywhere. At the
Bellman optimum, the first-order condition gives Y, (h,a*(h)) = BV'(T(h))\(1 — pu)e(h) >0

20



(Supplemental Lemma 3). At every h where o* is differentiable,

iASC(h) =(1—a*(h)"™ =1 + Yy(h,a*(h))-a*(h) < 0.
dh N NG —_——
>0 <0

4

A
o

Since A®® is continuous with strictly negative derivative a.e., it is strictly decreasing. As hy
falls (Proposition 2), AY¢ rises.

Part (ii). The Bellman equation gives Y (h,a*(h)) = V(h) — V(T (h)). Both V and T are
differentiable almost everywhere (the former by convexity, the latter because a* is monotone).
At a.e. h:

L (0t (1) = V() — BV(T() - T'(h)

On the equilibrium path T'(h) < h, and V' is convex (Supplemental Lemma 3), so V/(T'(h)) <

V'(h). Therefore
d

%Y(h, a*(h)) = V'(h)[1 = BT'(R)] > 0.
Since Y (h,a*(h)) is continuous with strictly positive derivative a.e., it is strictly increasing.
As hy falls, Y (hy, o) falls, and 77¢7(t) = Y (hy, o) — h is strictly decreasing.

Part (iii). By (ii), 77T (t) converges monotonically to Y (h*, a*(h*)) — h < 0. Since

7RCT(0) > 0, a finite crossing exists. O

Proof of Remark 3. Proposition 6(i) gives A7 strictly increasing. Since h; is decreasing
(Proposition 2) and A > 0 for all ¢ (Proposition 3(iii)), the ratio A7C/hY is strictly

increasing. 0
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Supplemental Appendix (for Online Publication)

This appendix provides exhibits, numerical illustrations, and proofs for “Skill Atrophy and

AT Productivity Measurement.”

A Exhibits and Numerical Illustrations

This appendix collects notation, numerical estimates, and exhibits supporting the main text.
All endogenous-adoption results are computed by value function iteration on the Bellman
problem. Table S1 provides a notation guide; the narrative and tables that follow report

dynamic paths, calibration results across p, and spillover magnitudes.

Table S1: Notation Guide
Symbol Definition

h, H Individual / aggregate human capital

AT adoption intensity

AT productivity level

Pedagogical quality (< 1: substitutes for learning; > 1: augments)
Returns to effort (effort concentration exponent)

Depreciation rate / learning intensity

Discount factor

Spillover elasticity

(H) Learning spillover function

No-adoption steady-state skill: §h = A¢(h)

eSS ST D
>~

h* Steady-state skill under adoption
AtCS, ALR Cross-sectional / long-run productivity gain at ¢
AJC APATH State-conditional / path counterfactual at ¢

AZC, ALATH Cumulative (discounted sum) counterparts
TRET (), rPanel(t)  Long-horizon RCT / panel estimands
W(a) Steady-state output at constant adoption «

r §—M(a*)¢'(h*) >0

Numerical Illustrations

This subsection complements the main-text discussion of numerical estimates with additional
detail on the dynamic paths under the benchmark calibration (u = 0.5, 8 = 0.95). Functional
forms are p(h) =0.25/(1 + h) and g(j) = 1 — j, with § = 0.05, A = 0.15, v = 0.5.
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High-A Benchmark (A = 1.85)

Under value function iteration, the optimal policy o*(h) is decreasing in h and the transition
from h is monotone. Starting from h = 0.5, the system converges to a steady state near
(h*,a*) = (0.35,0.77). Steady-state skill is substantially lower than under fixed adoption
at o = 0.5 (h*/h =~ 0.70 versus 0.80), reflecting the feedback between skill erosion and
rising delegation. Table S2 reports how these results vary with u, and Figure S1 plots the

corresponding bias paths.

Lower-A Benchmark (A = 0.50)

At A = 0.50, the optimal adoption rate is much lower: o*(h) ~ 0.24, converging to a* ~ 0.29
at steady state. Under this endogenous path, the RCT estimand does turn negative, at

approximately year 58 (see also main-text Figure 1(b)).

Table S2: Calibration Results by Pedagogical Quality
Pedagogical Quality p
Outcome 1.0 09 07 05 0.3

Steady-state adoption o* 0.73 0.74 0.76 0.77 0.79
Steady-state skill h*/h 1.00 0.95 0.83 0.70 0.56
Bias at year 10 (%) 0.0 22 68 11.3 16.0
Bias at year 20 (%) 0.0 34 104 176 253

Note: All entries report the no-spillover case (7 = 0). Bias defined as (AY¢ — AF) /AR % 100, the

overstatement relative to the initial long-run gain. Parameters: A = 1.85, other parameters as in the

numerical illustrations above. Spillovers (Proposition 4) would add cross-sectional mismeasurement
on top of the individual-level state-path wedge. Replication code available from the authors.

Spillover Magnitudes

Table S3 reports the spillover skill gap s, = h — h¥Y under symmetric adoption with user
share w = 0.5 for several values of 77. The spillover channel is quantitatively second-order
under the benchmark: even at n = 0.50, the gap reaches only about 1.5% of the initial gain
by year 20, compared to over 18% for the state-path wedge alone.
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Figure S1: Measurement Bias Over Time

Note: Bias defined as (A7¢ — AFR)/AFR x 100, under endogenous adoption. Parameters as in
Table S2.

Table S3: Spillover Skill Gap by Year and Spillover Elasticity

Spillover elasticity 7
0.05 0.10 0.20 0.50

Gap at year 10 (% of i:z) 0.1 01 02 05
Gap at year 20 (% of h) 0.1 03 06 1.6
Gap at year 20 (% of AK®) 01 03 06 1.5

Note: Symmetric equilibrium with adoption share @ = 0.5, u = 0.5, other parameters as in
Table S2. Gap is h — h)'U, the skill deficit of non-users relative to the no-adoption counterfactual.
For comparison, the state-path wedge at year 20 is approximately 18% of A%R.

B Alternative Mechanisms and Estimand Dynamics

This appendix formalizes the three alternative mechanisms discussed in the main text and
shows their estimand dynamics differ qualitatively from skill atrophy. For each, we specify
a minimal model, derive the state-conditional (SC) and RCT estimands, and characterize
their time paths. Each adopts a deliberately simplified variant of the main model’s output

structure, isolating a single alternative channel.

Model 1: Habit Formation. Skill is fixed at h. Al use builds a habit stock z; satisfying
Zt4+1 = PzZt + ) 20 = 07 Pz € (07 ]-)

The habit stock represents Al dependency. When working with Al at intensity a > 0, output
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is AG(a) + h(1 — a)'~7 as in the baseline: the habit stock does not affect output while Al
is in use, so dependency is invisible until withdrawal. When working without Al (o = 0),
output is h — k2, where x > 0 scales the withdrawal penalty.

SC' estimand. The state-conditional comparison turns Al on vs. off at current state z;:
ASCH — [AG(a) + h(1 — )] = [h— kz] = AG(a) — h[1 — (1 — &) 7] + k2.

At constant «, z; is increasing, so Af GH g increasing in ¢: Al appears more valuable as the
dependency deepens, because the unaided outside option includes the withdrawal penalty.
RCT estimand. Comparing a treated worker (using Al at «) to a control (never using Al,

2¢ =0):
7_tRCT,H — [AG(O&) + B(l . 04)177} — B = AG(@) — B[l - (1 — 06)1*7].

The control has z = 0 and output h. The treated worker’s output while using AI does not
depend on z;, so TtRCT’H is constant in t.

After withdrawal. If Al is removed at date T, the treated worker’s unaided output drops
below h by kzp, but since 2z, decays geometrically at rate p., performance recovers to h as
t — oo. Under skill atrophy, recovery eventually occurs but is governed by the slow learning
dynamics: the worker must rebuild human capital through unaided practice, a process that
can take years or decades at the benchmark calibration. Under habit formation, recovery is
rapid because z; decays geometrically at rate p, without requiring any active skill rebuilding.

The SC estimand rises while the RCT estimand is constant. The key distinction from
skill atrophy is that habit formation does not change the worker’s underlying productive

capacity — it only creates a withdrawal cost. A long-horizon RCT, which never withdraws Al

from the treated group, therefore sees no change over time. No scissors pattern emerges.

Model 2: Complementary Learning (Learning Curves). Al use generates complemen-

tary expertise s; (e.g., prompt engineering), with
Sir1 = (1 —0s)8¢ + Asauy, so = 0.
Baseline skill £ is unchanged. Output with Al is augmented:
YE(h,a,s) = A(1 + 5)G(a) + k(1 — a)' 7.

Without AI: Y*(h,0,s) = h. The complementary expertise s boosts Al output but does not
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affect unaided work.
SC estimand.
ASPE — A1+ 5)G(a) = Al — (1 - a)' ],

Since s; is increasing, Ats “Ls increasing: the worker becomes progressively better at using
Al so the state-conditional gain grows over time.
RCT estimand.

7T = A1+ s])G(a) — h[1 — (1 — a)' 7).
Since s > s¢ = 0, the treated worker accumulates expertise the control does not, so TtRCT’L
is also increasing.
Both estimands rise because Al use builds complementary skills that make subsequent
use more productive. Unlike skill atrophy, where the worker’s unaided capacity erodes,
complementary learning augments the worker’s Al-assisted capacity without degrading

unaided performance. No scissors pattern emerges.

Model 3: Selection on Early Adopters. Workers are heterogeneous in baseline productiv-
ity 6;. There is no skill dynamics; each worker has fixed output #; without Al and 6; + AG(«)
with AI. Workers adopt in order of productivity: the highest-0 workers adopt first (modeling
classical positive selection; under the main text’s substitution structure, negative selection
would be more natural, but the formal conclusion is identical because the within-worker
estimands remain constant regardless of adoption ordering). At time ¢, the marginal adopter
has productivity 6(t), with 6'(¢) < 0 as adoption diffuses to less productive workers.

SC estimand. For any given worker, the state-conditional gain is AtS @5 = AG(«), which
is constant.

RCT estimand. In a homogeneous-effect model, the randomized treatment effect is also
AG(a), so it is constant over time.

Observational analogue. As adoption diffuses to less productive workers, naive treated-vs.-
untreated comparisons can decline because the average type in the treated pool falls, even
though the formal within-worker and experimental estimands remain constant.

Both formal estimands are constant. Selection does not generate the scissors pattern; at
most it makes naive observational comparisons decline as the adopter pool expands. Across

all three alternatives, only skill atrophy generates one estimand rising while the other falls.
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C Additional Proofs

This appendix collects technical lemmas and proofs not included in the main-text Appendix.

C.A Technical Lemmas

The Agent’s Problem. Recall from Section II that the decision maker maximizes (4)

subject to (2), with value function defined by (5).

Lemma 1 (Optimal Effort Allocation). Given adoption intensity o € [0,1), the agent
optimally spreads effort uniformly across manually performed tasks: e(j) = 1/(1 — «) for
j € (a,1]. This yields output h(1 — o)™,

1

gives constant e(j) = 1/(1 — a), yielding fal h(1 —a)™7dj = h(1 —a)t. O

Proof. The agent solves max f; he(j)" dj subject to [ e(j)dj = 1. The FOC hve(j)7 "t =¢

Lemma 2 (Output and Learning Properties). The output function Y (h,a; A) = AG(«a) +
h(1 — «)'™7 is linear in h, strictly concave in « for h > 0, and satisfies Yo (h,a) — —o0 as

a — 17. The learning effect satisfies La(a, hy ) = (u— 1)p(h).

Proof. Yoo = Ag'(a) — h(1 — v)y(1 — a)™"1 < 0 because ¢ < 0 and v € (0,1). Also
Y, = Ag(a) — h(1 —y)(1 —a)™ — —oo as a — 17. The expression for L, follows from
(3). O

Lemma 3 (Value Function Properties). On the invariant compact set used in the main text,
the Bellman operator is a contraction. Hence the value function exists, is unique, continuous,

strictly increasing, convex, and Ly -Lipschitz with

1

As a convexr Lipschitz function, V is absolutely continuous; its derivative exists almost
everywhere and satisfies 0 < V'(h) < Ly at every differentiability point in the interior. At

states with a unique interior optimizer, the Bellman-envelope condition yields differentiability.

Proof. On the invariant compact set, 8 € (0, 1) makes the Bellman operator a contraction;
existence, uniqueness, and continuity follow from Stokey and Lucas (1989, Theorem 4.6). For

any fixed «, the transition

T(h,a) = (1 — 8)h + M(a)p(h)
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satisfies T, (h, o) <1 —9 (since ¢’ < 0) and T} (h,«) > 0 by Assumption 1. If v is increasing
and Ly-Lipschitz, then for any hy > hq,

Y(hg,a) = Y(hy,a) < hs —hi,  0(T(hs,@)) — o(T(h1, ) < Ly (1 — 8)(hs — hy).

Choosing Ly = 1/[1 — f(1 —0)] makes the class of increasing Ly -Lipschitz functions invariant
under the Bellman operator, so the fixed point V' inherits those properties.

Strict monotonicity: for hy > hy, evaluating the Bellman objective at hy using the policy
a*(hy) gives V(hy) > Y (ho, *(hy))+BV (T (ha, a*(hy))) > Y (hy, a*(h))+B8V (T (hy, a*(hy))) =
V' (hy), where the strict inequality uses Y strictly increasing in A and 7" nondecreasing in h.
Hence V'(h) > 0 at every interior differentiability point.

Convexity is preserved as well. Assumption 1 gives ©”(h) = 2¢/(1+ h)? > 0, so T'(h, «) is
convex in h for every fixed «. If v is increasing and convex, then v o T'(-, ) is convex, and
Y (h,«) is linear in h. Hence, for each fixed «, the Bellman objective is convex in h, and
taking the pointwise maximum over « preserves convexity. Starting value iteration from a
convex function (for instance vy = 0), every iterate is convex; the contraction’s uniform limit
V' is therefore convex.

Since V' is convex and Ly -Lipschitz, it is absolutely continuous and satisfies 0 < V'(h) <
Ly at interior differentiability points. Interior optimality plus the Bellman envelope gives
differentiability at the states used below. O]

Lemma 4 (Sufficient Condition for Initial Interiority). If

Bo(1 —p)

Ag(0) > b |(1 =) + = s

then o*(h) € (0,1). Moreover, no optimum can occur at o = 1.

Proof. By Lemma 3, the value function is Ly-Lipschitz with Ly = 1/[1 — 5(1 — ¢)]. Hence

whenever the Bellman objective is differentiable at o = 0,

BAL=pwe(h) _ 5 (1 —p)
T—B(1-0) T-B1-0)

BV ()AL = p)p(h) <
The stated inequality therefore implies that the derivative of the Bellman objective at (h,0)

is strictly positive, ruling out o« = 0. By Lemma 2, Y, - —co as a@ — 17, so @« = 1 cannot

be optimal. [
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Lemma 5 (Steady-State Human Capital at Fixed Adoption). For any fized o € [0, 1) with
() > 0, the equation
d0h = M(a)p(h)

has a unique solution h.(a) > 0. Moreover,

dh.(a) AL — p)e

de 6= Ma)p

~ |
|
*
—~
Q
~—
~—

and when u < 1 and a > 0, h.(a) < h.

Proof. Existence and uniqueness follow from Assumption 1. Applying the IFT to F(h;«a) =
Oh — M(a)p(h) =0 with F, =0 — M(a)¢'(h) > 0 (since ¢’ < 0) gives dh,/da = —F,/F}, =
M1 — w)p(ha)/[6 = M(a)¢'(hy)]. When p < 1 and o > 0, (o) < 1 implies dh, =
M(a)p(h,) < Xp(hy); since h is the unique root of §h = Ap(h), we have h,(a) < h. O

Lemma 6 (Fixed-o Dynamics). Fiz o € (0,1) and let
To(h) = (1 —=0)h + M(a)p(h).

Under Assumption 1 and p < 1, T, is increasing on [0, h), satisfies To(h) < h, and the path
hit1 = To(hy) from hg = h decreases monotonically to the unique fized point h, () € (0, h).

Proof. Since £(a) € (0,1), Assumption 1 gives T, increasing on [0, h] with unique fixed point
h.(a) € (0,h) (Lemma 5). Also T, (h) = (1 — 6)h + M(a)p(h) < h since £ < 1. If T, (h) > h
for some h > h.(a), continuity and T,(h) < h would give a second fixed point, contradicting
uniqueness; hence T, (h) < h for h > h,(a). Monotonicity gives T, (h) > h.(«), so {h;} is

decreasing and bounded below, converging to h.(«). O

C.B Remaining Proofs

Propositions 3-6 and Remark 3 are proved in the main-text Appendix.

Proof of Proposition 1. At an interior optimum, the Bellman first-order condition is
Yao(h,a) + BV (R)Mp — Dp(h) =0, k' = (1= 3d)h+ M(a)p(h).

Rearranging:
Ag(ar) = h(1 = )1 = )" = BV' ()AL — p)e(h).

31



By Supplemental Lemma 3, V'(h’) > 0 at differentiability points, and ¢(h) > 0. When p < 1,
the right-hand side is strictly positive, so Y, (h, a*) > 0; strict concavity of Y in v (Lemma 2)
then gives o < o™ (h), the myopic level solving Y, (h,«) = 0. When p = 1, the right-hand

side vanishes and o* = o™ (h). O

Proof of Proposition 2. Let Ly = 1/[1 — (1 — 0)]. Supplemental Lemma 3 shows
that V is increasing, convex, and Ly-Lipschitz. For hy > hy and as > oy, write Q(h, a) =
Y (h,o; A) + BV ((1 = 8)h + M(a)p(h)). The static cross-difference is

Y (ha, ) — Y(hg, 1) — Y (hy,a2) + Y (hy, 1)
= (b = ) [(1 = )7 = (1= )]

< —(1 =7)(hy — hy)(a2 — ).

For the continuation term, define D(h) = V(T'(h,aq)) — V(T'(h,as)) where T'(h,«a) =
(1—=0)h+ M(a)p(h). Let w(h) =T (h,a1) — T(h,as) = M1 — p)(ag —ag)p(h) > 0. Because
{(c) is affine in «, for each s € [0, 1] we can write £(h, s) = T(h, (1 — s)az + say), so that,

using the absolute continuity of V' from Lemma 3,

D(h) = /O V/(€(h, 5)) w(h) ds.

Now fix hy > hy and write w; = w(h;) and &(s) = &(hy, s). Since T'(-, «) is increasing for
every fixed o by Assumption 1, we have & (s) < &(s) for all s € [0,1]. Since V is convex, V'

s)
is nondecreasing almost everywhere, so V'(£1(s)) < V'(&,(s)) a.e. Therefore,

D(t) = Dlta) = [ [V&a(s)n = wa) + (VV61(5) = V'l s

< LyA(1 — p)(as — ar) [p(h1) — @(hs)]
< Ly A(1 = )p(0)(ha — hi)(cg — ),

where the last inequality uses p(h) = ¢/(1 + h) and sup, |¢'(h)| = ¢(0) = ¢. The second
condition of Assumption 1 gives SLyAp(0) < 1. Combined with 1 — p < 1 — v from
Assumption 2, the continuation cross-difference is strictly less than (1 — ) (hy — hy) (a2 — aq),
so @ has decreasing differences in (h, o). By Topkis monotonicity, the argmax correspondence
admits a decreasing optimal stationary selection a*(h).

The interior-adoption condition implies a*(h) > 0. Since p < 1 and /(o) < 1 for
every a > 0, hy = (1 — 8)h + M(a*(h))¢(h) < h. Now define the induced transition
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T(h) = (1—-6)h+ M(a*(h))p(h). If hg > hy, then a*(hy) < a*(h;) and therefore {(a*(hy)) >
l(a*(hy)), so

T(hy) =T(h) = (1 =0)(hy = ha) + M(a” (h))[p(ha) = ()] = [1 =6 = Ap(0)](he — ha) > 0,

where the last inequality uses Assumption 1. Hence T is increasing. Since h; = T(h) < h,
the sequence {h;} is decreasing and bounded, converging to some h* > 0. Because a*(h) is
decreasing and h; is decreasing, oy = a*(h;) is nondecreasing, converging to some o* € (0, 1].
The primitive law of motion h;y 1 = (1 — §)hy + M(a)p(hy) is continuous in (hy, oy ); passing
to the limit gives h* = (1 — §)h* + M(a*)p(h*). The limit cannot have o* = 1: if a* = 1,
then /(1) = > 0 (since u > v > 0 by Assumption 2), so the stationarity condition has a
unique positive root h* > 0; but Y, (h*, 1) = —o0, contradicting optimality. Hence o* € (0, 1).

Since {(a*) > 0, the stationarity condition has a unique positive root, so h* > 0. U

Derivation of W/(a*) (equation (8)). Steady-state output is W («a) = AG(«a) + hy(a)(1 —
a)!=7. At the dynamic optimum, the Bellman objective is strictly concave in o at h* (since
the maintained conditions bound the convex continuation term below the static concavity
Yoo < 0), so the optimizer is unique and the envelope theorem applies. The first-order
condition gives Ag(a*) — h*(1 —)(1 —a*)™7 = BV'(h*)A(1 — p)p(h*), and the steady-state
envelope condition yields V/(h*) = (1 —a*)'=7/[(1 — 8) + BT] where ' = § — M(a*)¢'(h*) > 0.
Using dh./da = —A(1 — u)p(h*)/T from Lemma 5 and substituting:

(1= B)A = pe(h) (L — a*) ™

Wie) =~ I[( - B) + 1)

< 0.
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